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Abstract—Sparse representations, in which sources are 
represented by neural ensembles with small average activity 
ratios, have many desirable properties including ease of 
learning, the capacity for generalization, and noise 
resistance.  All of these are characteristic of the biological 
olfactory system, despite activity patterns across receptor 
arrays often being highly non-sparse.  This is possible 
because the underlying chemosensory data are “signal 
sparse” – a distinct property, dependent on environmental 
statistics, that enables sparse coding algorithms to construct 
representational sparseness in subsequent processing layers. 
Whereas this can be accomplished by simple rotation in 
some systems, chemosensory sparse coding requires 
curvature in the isoresponse surfaces for each neuron owing 
to the diversity of chemical sources (overcompleteness). 
We propose that this functional curvature arises from 
statistical learning processes instantiated in plastic networks 
of the early olfactory system. Using models of the 
chemosensory environment, we illustrate the application of 
sparse coding algorithms to the analysis of chemical signals. 

Index Terms—Sparse coding, source separation, 
curvature, manifold, olfaction 

I.  SPARSE REPRESENTATIONS 

In neural systems, neuronal activity across a network is 
considered sparse if individual neurons in that assembly are 
rarely active and only a few neurons are active at a time. 
The sparseness of neural activity in this sense can be termed 
representational sparseness, a term encompassing both 
population sparseness (in space) and lifetime sparseness (in 
time) [1].  In contrast, signal sparseness refers to the sparse 
structure of the underlying environmental data sampled by a 
sensory system.  That is, rather than describing the 
sparseness of a neural code embedded in the 
representational medium, signal sparseness describes the 
sparseness of the information that the code represents. The 
distinction is essential to an appreciation of the properties of 
environmental data and the strategies that sensory systems – 
natural or artificial – must employ to encode them 
efficiently.  
 Signal sparseness can be assessed in terms of the state 
space of a representational system, in which every possible 
state of a system can be represented by a unique point.  For 

example, activity in a neural assembly can be depicted as a 
multidimensional state space with as many dimensions as 
there are neurons, and in which the location in each 
dimension corresponds to the activation level of that neuron. 
A system with two binary neurons (A and B) consequently 
has two state dimensions (one for each neuron) and four 
possible states (off/off, off/on, on/off, and on/on).  The 
existence of these possible states in a representational 
system, however, does not mean that they necessarily all 
will occur; if a stimulus that activates neuron B is never 
encountered, only two states of this system will ever be 
visited.  Redundancies in representation arise when some 
states are more probable than others in this way, and signal 
sparseness emerges from certain patterns of redundancy. 
Specifically, a signal has sparse structure when there are 
multiple directions in state space that have relatively high 
probability, such that the probability density function is 
“spiky” (Figure 1; [2]). In natural environments, sparse 
structure is represented by manifolds (lower dimensional 
surfaces) of these high probability regions; however, a 
signal can be considered sparse whenever (1) samples from 
the environment can theoretically be represented by a small 
number of descriptors (e.g., neurons) and (2) the set of 
active descriptors changes from sample to sample. 
 Importantly, while the two are related, signal sparseness 
does not necessarily produce representational sparseness.  A 
population of 10 binary neurons can exhibit 2^10, or 1024, 
possible states. If only 50 of those states are ever evoked by 
sensory input, then the underlying sensory signal is sparse. 
However, no constraints have been placed on how many of 
those neurons are active at a time, or how frequently they 
are active; all 50 of these states could be represented by 
activity patterns in which 8 or more of the 10 neurons are 
active. In other words, the representation of a sparse signal 
is not necessarily sparse.  In contrast, signals need to be 
sparse in order to be sparsely represented without loss 
(dropout methods and other “artificial sparseness” 
techniques are inherently lossy).   

II. SPARSE CODING

Signal sparseness is often preserved as a sensory 
representation propagates across successive neural 
processing layers; however, this does not necessarily imply 
that representational sparseness will emerge. Sparse coding 
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[2][3] is the process of transforming a sparse signal into a 
sparse representation via the application of specific 
algorithms (neural or otherwise).  Although primary sensory 
representations (e.g., across photoreceptors or olfactory 
sensory neurons) are rarely sparse, subsequent processing – 
sparse coding – can reveal the sparse structure in the signal.  

In idealized circumstances, sparse coding will isolate 
the sparse sources of the sensory data and associate a 
descriptor (e.g., a neuron) with each source (e.g., an odor-
emitting object of potential interest), such that activity in 
that neuron indicates the presence of that source. Figure 2A 
depicts an illustrative case from Field (1994) with two 
orthogonal sources (hence, two-dimensional). The diagonals 
represent the distribution of the data in this data set. By 
aligning the sources with the data (bottom left), we produce 
a representation in which only one neuron responds to each 
source. That is, activity patterns in neurons (or, more 
realistically, relatively small ensembles of neurons) will 
come to selectively represent the odor of Stilton cheese, 
one’s location in space, the face of one’s mother, or the 
concept of Jennifer Aniston [4][5].  Notably, in both vision 
and audition, applying sparse coding to natural signals 
results in neurons that exhibit clear similarities to the 
properties of neurons in the early sensory pathway [3][6]. 
Additionally, sparse representations are often metabolically 
efficient, and their direct representation of signal sources 
may be the most effective way for local networks to produce 
a compact and meaningful deliverable for propagation 
across the brain.   

Critically, natural systems do not reflect the idealized 
extreme in which one neuron corresponds to one source; 
such a mechanism likely would be fragile and impair the 
representation of similarity and uncertainty.  Rather, natural 
systems sparsen representations to an extent that likely 
reflects a complex balance between the benefits and 
limitations of sparse representations and is instantiated by 
the neural plasticity algorithms underlying postsensory 
signal tranformations.  Interestingly, the sparse coding 
algorithm itself also does not generate maximally sparse 
representation in higher dimensional systems; rather, it 
converges to incompletely sparse states (Figure 2B) 
depending on the structure of the system and its inputs [7].  
The nature of this balance in both natural and artificial 
systems remains a topic of great interest.   
 

III.  SPARSE CODING IN CHEMICAL SENSING 

Because natural olfactory signals are almost certainly 
sparse, whereas primary olfactory representations are 
generally not population sparse, it follows that sparse coding 
techniques can provide important insights into olfactory 
coding. We here show that, under relatively simple 
assumptions, naturalistic odor signals have sparse structure. 
Importantly, signal sparseness in chemosensation does not 
refer to the concept of molecular sparseness [8] – the 
observation that natural odors comprise only a small subset 
of all available odorous molecules (as demonstrated by gas 

chromatography).  First, molecules per se are not a directly 
relevant factor in odor representation [9], but, more 
importantly for present purposes, any appropriate measure 
of sparseness depends on a profile in which the natural 
olfactory environment is sampled from multiple locations 
and at multiple times. Signal sparseness depends on the 
statistics of the spatiotemporal odor environment.  
Accordingly, databases of sensor responses to batteries of 
chemical stimuli will be invaluable for practical applications 
of sparse coding to chemosensory device development.    

Figure 1 presents an illustrative model of a simple 
olfactory environment populated with distinct sources 
emitting odors constructed from different ratios of the same 
two components (for illustrative purposes, these components 
are odotopes, activating one sensory receptor each) [9]. 
Odor concentrations fall off as Gaussian functions of 
distance from their point sources (Figure 1, upper panels..  
Sampling each of these three environments generates state 
spaces in which the distribution of probable states is far 
from uniform, instead assuming a “spiky” shape in which 
the spikes correspond to sources. (Whereas Gaussian decay 
is not a realistic distance function in most natural 
chemosensory environments, plume models generally do not 
disrupt this essential spikiness). With such signal-sparse 

Fig. 1.  Top panels. Depictions of odorant sources deployed in a 
two-dimensional environment. The centers of the white Gaussian 
blobs depict odor sources, with brightness values indicating odor 
concentrations at different distances from the source. Each of the 
three source odorants is a different mixture of the same two 
components (odotopes [9]). Bottom panels. Plots of 200 evenly 
distributed points drawn from the corresponding environment and
representing the activation levels of receptors selective for odotope 
1 (abscissa) and odotope 2 (ordinate). Because signals are sparse, 
these plots are “spiky”.  (A) A single source releasing an odorant 
“A” comprised of 25% odotope 1 and 75% odotope 2.  (B) Two 
sources are depicted, the second comprised of 75% odotope 1 and 
25% odotope 2.   Rotating the axis via sparse coding would enable 
a single output unit to selectively respond to odorant A and identify 
its intensity, and another to do the same for odorant B.  (C) Three
sources are depicted, the third comprising 50% odotope 1 and 50% 
odotope 2.  As the sources outnumber the number of receptors (the 
dimensionality of the system), this system is overcomplete. 
Consequently, sparse coding requires curvature of the output units’ 
isoresponse functions in order to generate representational 
sparseness.  “Webbing” between the spikes corresponds to spatial 
overlap between the odors emitted from different sources. 



data, sparse coding algorithms are able to align downstream 
neurons (or ensembles) with particular sources and thereby 
produce a sparse representation of the data (Figure 1, lower 
panels). Based on model environments with different 
numbers of sources, different distances between sources, 
different molecular combinations and different spreads in 
the concentration of olfactory sources, we find that odor 
signals that are highly overlapping in quality can 
nevertheless be sparse, and that that sparse coding 
algorithms can, under incomplete mixing, find and identify 
the underlying sources, generating output exhibiting both 
population and lifetime sparseness.  Indeed, whereas 
primary olfactory representations are rarely sparse, odor 
representations in the piriform cortex (roughly third-order, 
following the OSNs and the principal neurons of the 
olfactory bulb) exhibit highly sparse activity patterns that 
are reasonably diagnostic for odor sources, at least under 
laboratory conditions [10].  This attests to the existence of 
robust sparse coding algorithms embedded in early olfactory 
sensory processing.   

Critically, unlike some simpler systems, olfactory 
sampling is strongly overcomplete; i.e., there exist many 
more odor sources than receptors.  Consequently, traditional 
sparse coding algorithms based on axis rotation do not 
suffice. Curvature of the isoresponse surfaces of output units 
(e.g., second- or third-order principal neurons or their 
artificial equivalents) is required in order to generate sparse 
representations (Figure 2B).  Such curvature could be 
constructed by a plastic network in which the selective 
allocation of feedback inhibition among second- or third-
order principal neuron ensembles can be governed by the 
complex activation patterns evoked by identifiable odorant 
sources – precisely the properties hypothesized for the 
external plexiform layer network of the olfactory bulb [11].  
With a sufficiently rich training set, sparse coding will 
factor strongly into the solution to the “hard problem” in 
chemosensation:  source separation and identification based 
upon complex, degenerate, highly overlapping, well-mixed, 
and unpredictably occluded chemosensory inputs.   
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Fig. 2. (A) The basic form of sparse coding provides a way to 
rotate the representational axes such that they will align with
sparse (spiky) signal data, thereby taking advantage of existing
signal redundancy [2].  (Top panels) Sensory data (X-shaped 
distribution, comprising two orthogonal sources) are signal sparse,
but both primary neuron A and primary neuron B respond to both
sources with Gaussian receptive fields.  Accordingly, identifying
the presence and intensity of a source requires comparison of
activity in both neurons.  (Bottom panels) Sparse coding alters the
receptive fields of higher-order sensory neurons (A’, B’) such that
their sensitivities align with the signals emitted by individual
sources. This axis rotation increases the kurtosis of the histograms
of activation of the vectors, generating representational sparseness
(right panels).  (B) In chemical environments (and most realistic 
sensory environments), the number of sources exceeds the
dimensionality of the sensory system (overcompleteness).
Consequently, their representations cannot be orthogonal to one
another, and sparse coding cannot be achieved by axis rotation
alone. To isolate the sources and produce a sparse representation,
neurons therefore must curve their isoresponse surfaces.  Instead of
basic, orthogonal isoresponse contours, the middle vector
(boldface) has developed curved isoresponse contours such that it
responds more weakly to data that lie close to neighboring vectors.
Note that the sparse coding algorithm, which relies on the adaptive
increase of kurtosis, has not generated perfect source identifiers
(i.e., the isoresponse contours do not entirely avoid intersection
with neighboring vectors); see text and [7] for details. 
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